Abstract: We reconsider complex scalar singlet dark matter stabilised by a Z 3 symmetry. We refine the stability bounds on the potential and use constraints from unitarity on scattering at finite energy to place a stronger lower limit on the direct detection cross section. In addition, we improve the treatment of the thermal freeze-out by including the evolution of the dark matter temperature and its feedback onto relic abundance. In the regions where the freeze-out is dominated by resonant or semi-annihilation, the dark matter decouples kinetically from the plasma very early, around the onset of the chemical decoupling. This results in a modification of the required coupling to the Higgs, which turns out to be at most few per cent in the semi-annihilation region, thus giving credence to the standard approach to the relic density calculation in this regime. In contrast, for dark matter mass just below the Higgs resonance, the modification of the Higgs invisible width and direct and indirect detection signals can be up to a factor 6.7. The model is then currently allowed at 56.8 GeV to 58.4 GeV (depending on the details of early kinetic decoupling) M S 62.8 GeV and at M S 122 GeV if the freeze-out is dominated by semi-annihilation. We show that the whole large semi-annihilation region will be probed by the near-future measurements at the XENONnT experiment.
Introduction
The discovery of the Higgs boson [1, 2] has demonstrated that fundamental scalars do exist in Nature. The simplest addition to the Standard Model (SM) scalar sector that one can entertain is a scalar gauge singlet, which, stabilised by a Z 2 symmetry, is a candidate of dark matter (DM) [3] [4] [5] -indeed one of the most popular and very well-studied DM candidates .
Models of Z 2 singlet DM are very predictive. The DM annihilation cross section, which determines the thermal relic abundance via the freeze-out mechanism, is set by the single Higgs portal coupling. The same coupling specifies the spin-independent direct detection cross section. For that reason, if a value for the DM mass is given, the relic density constraint directly determines the direct detection cross section. The direct detection experiments LUX [45] , PandaX-II [46] and XENON1T [47] , however, have not detected any sign of DM so far. These experiments have already ruled out Z 2 singlet DM below the TeV scale, except in the narrow region around the Higgs resonance.
There are other symmetries, besides a Z 2 group, that can be imposed on the scalar potential in order to stabilise DM. The next-to-simplest possibility is a Z 3 symmetry that adds a cubic self-coupling term in the potential of the complex singlet. While the change may seem insignificant, in reality the DM phenomenology is considerably modified. The Z 3 singlet scalar is the simplest dark matter candidate to undergo semi-annihilation [48] [49] [50] [51] , which breaks the one-to-one correspondence between annihilation and direct detection cross section present in Z 2 -symmetric dark matter models. A significant semi-annihilation contribution to the relic density allows for a smaller Higgs portal and thus for a lower spin-independent direct detection cross section.
The Z 3 -symmetric complex singlet model was originally proposed in the context of neutrino physics [52] . First detailed analysis of DM phenomenology was carried out in [53] . Similar behaviour of DM also occurs in a more complicated DM model based on D 3 symmetry [54] . Indirect detection of Z 3 DM was considered in [55, 56] . Further developments in connection with radiative neutrino mass were studied in [57] [58] [59] . Z 3 DM with several dark singlets was considered in [60] . The cubic coupling can contribute to 3 → 2 scattering for Z 3 strongly interacting (SIMP) DM [61, 62] .
It is interesting to note that the Z 3 symmetry can be the remnant of a dark U (1) local [63] [64] [65] or global [66] symmetry. Alternatively, the Z 3 singlet DM can be considered to be a limiting case of more complicated models that also include an inert doublet [67] [68] [69] [70] [71] , which have quartic semi-annihilation couplings and can have two-component dark matter. Semi-annihilation and multi-particle dark matter can arise in multi-Higgs-doublet models with Z N symmetry [72] or models with a dark SU (N ) symmetry [73, 74] as well.
A usual assumption of the standard calculation of the thermal relic abundance [75] is that at the time of freeze-out DM is still in local equilibrium with the heat bath. This is motivated by the elastic scattering processes with the thermal bath particles typically being much more efficient than the annihilation and production processes. However, if the latter are enhanced (e.g., by a resonance), or in general when scattering processes are unrelated to the number changing ones (as is the case of semi-annihilation) there is no reason to expect that this standard assumption is satisfied. Indeed, it has been shown recently [76] (see also [77] ) that kinetic decoupling can get under way as early as the chemical one and the subsequent change of the shape of the DM phase space distribution can modify the relic abundance by even more than an order of magnitude. In fact, the concrete example that is given in [76] is the case of Z 2 scalar singlet dark matter around the Higgs resonance, which finds its clear analogue in the Higgs resonance region of the Z 3 singlet DM.
The model studied in this work has another open region, where the Higgs portal coupling is suppressed, i.e. when the DM relic density is mainly determined by semiannihilation, which additionally results in self-heating of the DM component. This raises the question whether the DM kinetic decoupling also happens early in this case and whether this alters the resulting relic abundance.
The strength of semi-annihilation depends on the strength of the cubic self-coupling of the singlet. The coupling is bounded by the requirement that the electroweak (EW) minimum be the global one. Lately, it was pointed out that perturbative unitarity for scattering at finite energy can put bounds on dimensionful couplings of new physics models [78] .
A global likelihood fit of the Z 3 singlet dark matter was recently made with the GAM-BIT code [79] . This study did not, however, take into account the improvements included in this work, in particular refined unitarity bounds and treatment of early kinetic decoupling.
These developments are especially relevant precisely in the regions that are still allowed by the experimental data and where the improved precision of theoretical predictions is required for robust claims of exclusion of the whole parameter space of the thermal Z 3 singlet dark matter model.
The aim of this paper is to provide a timely update of the past results [53] . While the unitarity constraints are often computed in the limit of infinite energy, we calculate them at finite energy with the help of the latest version [78] of the SARAH package [80] [81] [82] [83] . We use the one-loop effective potential to calculate the bounds of absolute stability and metastability of the EW minimum from the tunnelling rate with the help of the AnyBubble package [84] . 1 These constraints, in particular the one from the unitarity, put an upper bound on the singlet cubic self-coupling and therefore on the semi-annihilation cross section. We take into account early kinetic decoupling around the Higgs resonance and for large semi-annihilation, and use the micrOMEGAs code [86] to calculate relic density in the larger part of the parameter space. The micrOMEGAs is also used to compute predictions for direct and indirect detection signals. A large part of the parameter space is already ruled out by XENON1T [47] . Thanks to the new unitarity constraints, we manage to further restrict the model. We introduce the model in section 2. Various theoretical and experimental constraints are considered in section 3. Dark matter freeze-out, the impact of early kinetic decoupling and semi-annihilation are studied in section 4. Section 5 discusses prospects of direct and indirect detection of dark matter. We conclude in section 6. Details of the field-dependent masses and counter-terms for the effective potential are given in the appendix A.
The model
The most general renormalisable scalar potential of the Higgs doublet H and the complex singlet S, invariant under the Z 3 transformation H → H, S → e i2π/3 S, is given by
This is the only possible potential with this field content and symmetry. Without loss of generality, we can take µ 3 real and non-negative. The mass of the Higgs boson is M h = 125.09 GeV [87] and the Higgs vacuum expectation value (VEV) v = 246.22 GeV. We fix the parameters
Dark matter mass M S , the Higgs portal λ SH , the singlet cubic coupling µ 3 and the singlet quartic self-coupling λ S are left as free parameters.
3 Theoretical and experimental constraints
Vacuum stability
In order to ensure a finite minimum for the potential energy, the scalar potential must be bounded from below in the limit of larger field values, in which case dimensionful terms can be neglected. The potential (2.1) is bounded from below if
Perturbativity
To ensure validity of perturbation theory, loop corrections to couplings should be smaller than their tree-level values. The model is perturbative [15] if |λ S | π and |λ SH | 4π.
Unitarity
Perturbative unitarity constraints arise from the unitarity of the S-matrix for the 2 → 2 scalar field scattering amplitudes. At the order of the zeroth partial wave, the matrix is given by
where a pair a of scalars scatters to another pair b with the matrix element M ba (cos θ), where θ is the angle between the incoming (|p a |) and outgoing ( p b ) three-momenta in the centre-of-mass frame, and s = (p 1 + p 2 ) 2 is a Mandelstam variable. The exponent δ a is unity if the particles in pair a are identical and zero otherwise; similarly for δ b and pair b. The eigenvalues a i 0 of the scattering matrix must satisfy
It is usual to calculate unitarity constraints only in the limit of infinite scattering energy s → ∞, in which case only quartic couplings contribute to scattering. Having said that, the full calculation at finite energy that includes all tree-level contributions can set more stringent constraints, in particular on trilinear couplings [88] .
We have implemented the model for the SARAH package [83] and used it to calculate unitarity constraints at finite scattering energy [78] . The S-matrix also takes into account scattering of the Goldstone bosons G 0 and G ± . The limits are calculated in the Feynman gauge, where their masses are
The unitarity bounds (3.3) in the s → ∞ limit are given by
where the last condition, in the λ SH = 0 limit, yields |λ H | 4 3 π and |λ S | 2π.
At finite energy, we take s 4M 2 S to avoid spurious poles [88] . The eigenvalues of the scattering matrix cannot be given analytically. An approximation can be obtained, however, if we set λ H = λ SH = 0. Then the non-zero eigenvalues of the S-matrix are
It is a 2 0 that gives a stronger limit with a maximum at about s ≈ 5M 2 S .
Stability of the electroweak vacuum
The quantum corrections to the potential in the MS renormalisation scheme are given, at one-loop level, by
where n i are the degrees of freedom of the ith field, m i are field-dependent masses and the constants c i = To calculate the effective potential in case of negative field-dependent masses, we substitute ln m 2 i → ln m 2 i , which is equivalent to analytical continuation [89] . We add a counter-term potential
chosen as to retain some of the properties of the tree-level potential: positions of minima, masses in the electroweak minimum, and the size of the cubic coupling µ 3 . The effective potential is then
Details on the field-dependent masses and counter-terms are given in appendix A. We pick the renormalisation scale µ = M t . The one-loop level absolute stability bound is relaxed in comparison to the tree-level absolute stability bound in the limit of small λ SH ,
The tree-level and one-loop results differ by up to 5% for perturbative values of λ S . For λ SH < 0 the constraints are rather stricter than for λ SH 0, but with regard to relic density, we can choose the latter without loss of generality.
In order to determine the metastability bound, we calculate the tunnelling rate with the help of the AnyBubble code [84] . In practice, the approximation made in the previous paper [53] that considers only tunnelling in the s-coordinate and uses a numerical fit [90] to the Euclidean action holds up quite well. The reason is that tunnelling between vacua with opposite sign of the Higgs VEV is much harder than tunnelling between same-sign vacua [91] . Indeed, one can use the approximate bound (3.11) as a seed value for the calculation of maximal allowed value of µ 3 .
The bubble nucleation rate per unit time and volume is given by 12) where φ 0 is the field value at the center of the bounce and S E is the Euclidean action. Metastability of the vacuum means that not one bubble has nucleated within the past light-cone with volume V and lifetime T of the Universe:
where H 0 is the Hubble constant. The metastability bound is only a few per cent larger than the absolute stability bound. Note that even if the vacuum is metastable at zero temperature, it may be possible that the Universe can end up in the deeper minima in the first place via thermal tunnelling, further reducing the parameter space [92] .
Higgs invisible width
The decay width of the Higgs boson to singlets is
for M S M h /2. In the Standard Model, the Higgs total decay width is Γ SM h = 4.07 × 10 −3 GeV [93] . The invisible branching ratio BR inv = Γ Z 3 h→SS * /Γ SM h is constrained to be below about 0.24 at 95% confidence level [94, 95] by direct measurements and below about 0.17 by statistical fits of all Higgs couplings [96, 97] .
Combination of constraints
The combined bounds from vacuum stability, perturbativity and unitarity are shown in figure 1. The bounds are given for the Higgs portal λ SH ≈ 0, which is a good approximation for the parameter space determined by the relic density. The yellow area is forbidden by the perturbativity bound |λ S | π, above which the one-loop and tree-level contributions from the scalar self-coupling λ S become comparable in size. The perturbative unitarity constraints from scattering at finite energy are shown in magenta. The usual unitarity constraint in the infinite energy limit s → ∞ produces |λ S | 2π, which is given by the vertical magenta line. In both cases, the dependence of the unitarity bound on the Higgs portal remains at per cent level even up to λ SH 1. In the blue area, the absolute stability of our vacuum is violated as the Z 3 -breaking minimum becomes lower in energy. In the light blue area the universe is metastable; the dependence of these bounds on λ SH is negligible in the parameter range determined by the relic density. In the region of high λ S , it is the unitarity and perturbativity bounds that constrain the parameter space, while for lower λ S , it is the stability bound. The white area is allowed by all constraints. Figure 1 . Constraints on the parameter space. In the blue area, the EW-breaking, Z 3 -symmetric vacuum is not stable (is metastable for light blue). Yellow marks lack of perturbativity and magenta violation of perturbative unitarity. The vertical magenta line marks the bound on unitarity in the limit s → ∞. The white area is allowed by all constraints.
Relic density
The requirement that the thermal relic density be equal to the observed value Ω c h 2 = 0.120 ± 0.001 [98] provides a very strong constraint on the model. For an accurate determination of the theoretical prediction matching the precision of measurements, we use the treatment first introduced in [99] and extended to the early kinetic decoupling regime in [76, 77] , based on solving the coupled system of Boltzmann equations (cBE) for the number density and the second moment of the phase space distribution. 2 Whenever the kinetic decoupling happens significantly later than chemical one we use the micrOMEGAs 5.0 [86] to calculate relic density. Then the kinetic equilibrium is enforced during freeze-out and the equations for the number density, n, take the form [69] dn dt
where X is any SM particle. There is only one possible semi-annihilation process SS → S * h in this model that goes through S exchange in s-, t-and u-channels. For kinematical reasons, this process is allowed only for
In regimes close to the Higgs resonance and when semi-annihilation becomes relevant, we solve the cBE for both the zeroth and second moment of the DM phase space distribution f , defined as
where g is the number of internal degrees of freedom of the DM particle and s is the entropy density. The parameter y can be used to define the DM temperature through T DM = ys 2/3 /m DM . The coupled system takes the form [100]
3)
contributions from all possible interactions including elastic scattering, annihilation and semi-annihilation. The explicit expressions for the collision term and its moments can be found in [76] and for the contribution of semi-annihilation in the appendix A of [56] . 3 This system of cBE has been then used to find the improved relic density for the points situated on the boundary of the parameter space set by the absolute stability bound, i.e. points that give the correct relic abundance using standard approach and have the lowest allowed value of λ SH . In order to be conservative, the computation was done assuming the smallest scattering scenario for QCD phase transition (i.e. case 'B' discussed in [76] ) where only the light quarks (u, d, s) contribute to the scattering, and only above hadronisation temperature taken to be 600 MeV. 4 It was found that in the semi-annihilation regime of the Z 3 singlet DM model the modification of the final relic density is at the level of at most few per cent. This warrants to use the micrOMEGAs code for determination of the relic density calculation in that regime.
Let us stress that without implementation of the cBE, one is, in principle, unable to robustly claim that the result of the standard treatment is correct. To illustrate this point, figure 2 shows the evolution of the DM temperature and the ratio of the cBE treatment to the standard one for one example point on the absolute stability boundary with mass M S = 132.5 GeV and λ SH = 7.08 × 10 −3 . In both panels, the red solid line shows the evolution for this value of the Higgs portal coupling, leading to the correct value of the 3 The cBE system appropriate for semi-annihilation has been first derived in [101] and used in the context of halo core formation and then studied also in [56] with applications to dark matter indirect detection. The main difference between these previous implementations and the one used in this work is that for the relic density calculation one cannot assume a deeply non-relativistic regime. This requires more computationally expensive numerical evaluations of the up-to-three-dimensional phase space integrals to determine the thermal averages, which additionally depend not only on T but also on TDM. 4 For the Higgs resonance region shown in figure 3 below, in order to bracket the uncertainty related to QCD phase transition, the results are shown for both this case and also the largest scattering scenario. The latter assumes that all quarks are free and present in the plasma down to critical temperature of Tc = 154 MeV (i.e. case 'A' discussed in [76] ). Figure 2 . The evolution of DM temperature and comoving number density for an example point in the semi-annihilation regime with M S = 132.5 GeV. Left: a clear departure from kinetic equilibrium (gray solid line) is seen for λ SH = 7.08 × 10 −3 that gives the correct relic abundance (red solid), as well as if its value is modified to be 5 times larger (yellow dot-dashed), 2 or 10 times smaller (green dashed and blue dotted, respectively). The bump around x ≈ 20 is due to 'self-heating' caused by semi-annihilation and gets more pronounced, the more suppressed are the elastic scatterings. Right: the difference between the cBE and standard Gelmini&Gondolo [75] treatment for the same set of values of λ SH . The smaller the Higgs portal coupling, the larger the impact of the final relic abundance.
relic abundance, while additional lines illustrate how the situation would change for values of λ SH being 2 or 10 times smaller and 5 times larger. In all of the cases we find kinetic decoupling happening very early indeed, around x ≈ 20. Moreover, the bump just after this decoupling indicates a period of 'self-heating' of the DM component caused by the semiannihilation. For larger values of λ SH , this effect is washed out by a still relatively strong elastic scattering, only leading to small deviation from kinetic equilibrium. Nevertheless, it is clear that in all of these cases an assumption of T DM tracing the bath temperature T is incorrect.
The right panel of figure 2, in turn, illustrates the resulting feedback on the number density. As soon as DM starts to leave chemical equilibrium, semi-annihilation heats the bath of DM particles in which the annihilation processes take place to a slightly higher temperature than the bath of photons from which DM is being produced at the same time. This difference in temperatures, through velocity dependence of the cross section, leads to imbalance of the annihilation and production rates. This results in the raise of the ratio Y cBE /Y GG , as again seen for all the cases. After the initial period of self-heating, early kinetic decoupling means faster cooling caused by the expansion of the Universe and the reverse happens, with now annihilation being slightly more efficient, resulting in a drop in the above ratio. After freeze-out, the final value of the relic abundance is therefore essentially unaltered, but only due to a) a still relatively large coupling λ SH needed for . Direct detection colour-coded for the semi-annihilation fraction α at the freeze-out. The parameter space is constrained from below by perturbative unitarity (thin solid), the stability of the EW vacuum (thin dashed) and metastability of the vacuum (thin dotted). The experimental bounds from LUX(2017) [45] , PandaX-II (2017) [46] , XENON1T(2018) [47] and the projected sensitivity of XENONnT [102] are shown in grey.
obtaining correct relic density and b) a velocity dependence of the semi-annihilation cross sections, which is very mild. If either of these conditions were not fulfilled, the effect of early kinetic decoupling on relic abundance would be much more significant.
In summary, we find that in the Z 3 singlet DM model the standard treatment of the freeze-out process is a good approximation everywhere apart from the Higgs resonance region, even though also in the semi-annihilation regime the kinetic equilibrium is not maintained around the time of chemical decoupling.
Direct and indirect detection
We use the micrOMEGAs [86] to calculate the spin-independent direct detection cross section. The predicted signal and current constraints from LUX(2017) [45] , PandaX-II (2017) [46] and XENON1T(2018) [47] are shown in figure 3 . The projected sensitivity of the XENONnT [102] will be sufficient to prove or disprove the current model.
The parameter space is constrained from below by perturbative unitarity (thin solid), the stability of the EW vacuum (thin dashed) and metastability of the vacuum (thin Figure 4 . The indirect detection signal colour-coded for the semi-annihilation fraction α at the freeze-out as in figure 3 . The observational bound from the combined γ-ray events from the sky region of the dwarf satellite galaxies (dSphs) measured by the Fermi LAT and MAGIC experiments [103] . The sharp step at M S ∼ M h is due to the fact that the dominant annihilation channel of S switches from the bb channel at below the Higgs mass to the hh channel above M h . dotted). The colour code [104] shows the fraction of semi-annihilation defined as
since SS → S * h is the only semi-annihilation process in this model.
Around the Higgs resonance, the lower boundary of the allowed area is determined by scenario A and the upper boundary by scenario B of the QCD phase transition (see section 4) , in which case the cross section is up to 6.7 times greater than in the standard treatment without taking into account the early kinetic decoupling. For the invisible branching ratio BR inv < 0.17, the lowest allowed singlet mass is M S = 54.6 GeV for scenario A and M S = 55.4 GeV for scenario B, due to the up to 6.7 times greater BR inv in that case. Early kinetic decoupling influences relic density mainly for M S below M h /2, for which the direct detection cross section can be up to 6.7 times greater as well. Therefore, from direct detection bounds, the lowest allowed singlet mass is M S = 56.8 GeV for scenario A and M S = 58.4 GeV for scenario B. With DM mass well below the Higgs mass, semiannihilation is ineffective and the model predictions for the cross section σ SI coincide with the predictions of the Z 2 complex singlet DM model. At DM masses around and above the Higgs mass, semi-annihilation is important if the singlet cubic self-coupling µ 3 is sizeable. At the upper boundary of the σ SI area, µ 3 = 0 and there is no semi-annihilation. This boundary coincides with the direct detection curve for the usual Z 2 complex singlet model. The lower boundary of the allowed region is determined by the maximal allowed µ 3 /M S at λ S = π (the highest value allowed by perturbativity). We show the bounds by perturbative unitarity (thin solid), the stability of the EW vacuum (thin dashed) and metastability of the vacuum (thin dotted), of which unitarity is the strongest constraint. At high DM masses, the model again approaches the Z 2 complex singlet DM. The projected sensitivity of XENONnT [102] will allow to rule out or discover Z 3 dark matter in a large region of the parameter space in the near future. Figure 4 shows the indirect detection signal and the strongest present constraints. The indirect averaged cross section σv is calculated with micrOMEGAs with v 10 −3 c. The strongest indirect constraints come from the combined data of the Fermi LAT satellite instrument [105] and the MAGIC Cherenkov telescope [106] . The constraints are estimated from the combined γ-ray events from the sky region of the dwarf satellite galaxies (dSphs) [103] .
The colour code denotes the semi-annihilation fraction α at the time of the freeze-out in the same manner as in figure 3 . Again, the early kinetic decoupling influences significantly only a small M S region just below M h /2, resulting in an up to 6.7 times greater cross section in scenario B, while in the semi-annihilation region we show that the micrOMEGAs result provides a very good approximation. The sharp dip in σv below M h results from the drop in temperature after the freeze-out, which makes semi-annihilation processes with M S < M h kinematically forbidden at present times. The Fermi+MAGIC constraint has a sharp step at M S ∼ M h . The reason is that the dominant annihilation channel switches from the bb channel at below the Higgs mass to the hh and hS channels above that mass. Also notice that Ref. [103] presents only the constraints for the W W final state, but they are very similar to the hh final state constraints (see e.g. [56] ). The constraint on the hS final state, however, has to be corrected due to the different boost of the h in this final state. For this, we express M S from the equation E h (M S ) = (3M 2 S + M 2 h )/(4M S ) on the constraint above the Higgs mass and scale the constraint by a factor of two [56] .
Comparing figures 3 and 4, we see that the direct constraints are much more restrictive. In future, new γ-ray data from Fermi LAT and possibly discovered new dwarfs by the Gaia telescope can strengthen indirect constraints [107] . However, the direct detection constraints are expected to be enhanced even quicker by the XENONnT experiment [102] .
Conclusions
We consider complex scalar singlet dark matter stabilised by a Z 3 symmetry. The presence of a cubic singlet self-coupling considerably changes the DM phenomenology. The cubic coupling gives rise to the semi-annihilation process S S → S * h, which can dominate the determination of the relic density. Unlike for Z 2 -symmetric DM models, the relic density and the strength of the direct detection signal are not directly related. The Higgs portal and with it the direct detection cross section can be considerably diminished. However, the cubic coupling cannot be arbitrarily large: it will induce Z 3 -breaking minima deeper than our minimum, as well as break unitarity.
We calculate the stability and metastability bounds on the one-loop effective potential and use the perturbative unitarity of scattering at finite energy to place a new, robust constraint on the direct detection cross section at large semi-annihilation. These bounds are summarised in figure 1 .
In addition, we improve the treatment of the thermal freeze-out by including the evolution of the dark matter temperature and its feedback onto relic abundance. This results in a larger Higgs portal -in particular for dark matter mass below the Higgs resonance. In this regime, the larger than expected portal coupling leads to stronger constraints from the Higgs invisible width and direct detection signals. The Higgs invisible width and direct and indirect detection signals can be up to 6.7 times greater than for the standard result. The updated direct detection constraints are shown in figure 3 and the indirect detection constraints in figure 4 .
In contrast, in the strong semi-annihilation regime, the results do not differ from the standard treatment by more than a couple of per cent. Nonetheless, this is not given a priori, considering that the temperature of DM substantially differs from the equilibrium, as shown in figure 2. It would be interesting to study this effect in other models with early kinetic decoupling, such as models that also include an inert doublet [69, 70] .
The presently allowed mass ranges for the model are 56.8 GeV to 58.4 GeV (depending on the details of early kinetic decoupling) M S 62.8 GeV around the Higgs resonance and at M S 122 GeV in the region with semi-annihilation. The constraint from perturbative unitarity comes close to excluding the model near and above TeV-scale. New results from the XENONnT experiment will be sufficient to prove or rule out the model in the semi-annihilation region. At higher scales, however, the model becomes indistinguishable from the usual Z 2 dark matter and is constrained only by perturbativity and unitarity of the Higgs portal coupling. In the narrow allowed range with M S < M h /2, the Higgs invisible branching ratio could be measured by the LHC or a future electron-positron collider.
The singlet self-coupling must be at least λ S 0.2 π in order to not forbid the large semi-annihilation region by the direct detection results of XENON1T. Because of that, the model cannot remain valid up to the Planck scale. Discovery of Z 3 scalar singlet dark matter may therefore entail a relatively low new physics scale with new fermions or a dark U (1) symmetry.
A Field dependent masses and counter-terms
We decompose the singlet as
It is convenient to minimise the potential in the first parameterisation: because we have chosen µ 3 0, we have cos φ S = −1 in minima of potential with s ≡ v s = 0. We have S R = √ 2v s . The field-dependent masses of the Higgs boson and the real component of S are given by the eigenvalues m 2 1,2 of the mass matrix
The masses and degrees of freedom n i of the fields are given in table 1. We neglect the contributions of the Goldstone bosons G 0 and G ± . We can use the first six counter-terms in the counter-term potential (3.9) to fix some VEVs of the fields and masses to their tree-level values. The overall constant counter-term δV 0 can be used to fix vacuum energy to the measured level.
Some values do not change from tree-level as it is. In particular, the VEV of the imaginary part of S does not change with quantum corrections, once it is zero:
so we can restrict our attention to minima with S I = 0 without loss of generality (in the case of broken Z 3 , we can consider that of the three degenerate minima for which S I = 0). Once S I = 0, the VEV for S R does not shift from the tree-level minimum either: for real scalars can potentially be non-zero. If S R = 0, it is zero at tree-level and stays zero at loop-level due to unbroken Z 3 :
(A.5)
The loop corrections to the Higgs portal λ SH are proportional to λ SH itself and therefore negligible for the relatively small values of the portal that yield the correct relic density.
The renormalisation conditions that we do need are 6) to ensure that the Higgs VEV does not move from its tree-level position in our minimum, to keep the mass matrix in our minimum from changing, and to keep the singlet cubic coupling at its tree-level value in our minimum. Solving the system of equations (A.6), (A.7), (A.8) and (A.9), we obtain for the counter-terms 
14) .15) 
